Information fusion has been a hot topic currently, how to make information fusion for intelligent decision is a challenge. Although the applications of random set theory attract many researchers, the probability function distribution is still imprecise. In this paper, we give a new definition of probability distribution function (PDF) of random set theory, and propose an integration methodology for urban flood risk assessment by fusing multi-source information (e. g., remote sensing images, Digital Elevation Model (DEM) and rainstorm data) based on random set theory. The methodology analyzes and fuses the multi-source information, which overcomes the uncertainty of the decision makers of flood risk and generates precise estimates of the probability of flood risk. In our experiments, we take Wuhan city in China and three kinds of data sources information as an example to assess flood risk level. The experiments indicate that our algorithm not only provide precise estimates of the probability of flood risk but also give the bound of probability.
Introduction
With the development of modern scientific technology, kinds of information have increased rapidly. On the one hand, people benefit from the abundant information, and on the other hand, people bear the decision trouble because of the poor management of information. How to make the information fusion for the intelligent decision has been a hot topic 1, 2, 3 . Multi-source information fusion is proposed in 20 th century which refers processing the information from different data sources using computer technology. With the rapid development of information technology, multi-source information fusion has great progress. There have been some methods of expression and fusion, for example, Dempster-Shafer (DS) evidence theory has a good description and processing of uncertain information; and fuzzy information is usually processed by a fuzzy set or fuzzy comprehensive evaluation method. In addition, Bayesian theory is also applied to deal with uncertain information modeling.
While the above methods can handle a certain type of information well, but sometimes in practical applications there are different types of data to fuse. In flood risk analysis, it usually needs to conduct different types of information. However, the traditional data fusion theory is lack of strong mathematical basis and an effective comprehensive analysis and judgment. It needs to find a new multi-source information fusion method. In recent years, random set theory has been widely developed by information fusion theory, the Applications of random sets attracted many researchers 4, 5 . The theory of random sets was apparently first introduced by Robbins 6 and utilized by several other investigators 7, 8, 9, 10 ; some researchers explore further applications of random set theory to data or information fusion and multi-target tracking 11, 12 .
Random set theory provides a powerful mathematical tool for fusion problem of multi-source heterogeneous information and also provides a new method for dealing with flood risk analysis.
Flood continues to pose a major challenge in both advanced and developing countries despite significant advances in engineering practice and management approach over the last several decades 13 . Urban flood risk assessment is a complex process due to complexities of rapid urbanization which may cause different change to flood risk factors, which has been a very popular research topic 14, 15, 16, 17, 18, 19 .
In fact, many researchers consider only one factor in flood risk assessment; for example, Kim et , such as physical, social, economic and political factors, etc. With the development of information technology, it is easy to get multi-source data from different information sources. It makes sense to fuse these factors to assess urban flood risk in an area in the light of actual conditions.
In this paper, a model for assessing urban flood risk based on random set theory can integrate multi-source information and improve the accuracy of flood risk analysis. We take Wuhan city in middle of China as an example to make an integration of multi-source information based on random set theory to assess urban flood risk because Wuhan city is prone to be in flood risk. The factors considered in this paper are the rainstorm precipitation, land use, digital elevation, which can be obtained by different sensors and data sources.
Although many studies have proposed to use random sets for modeling, none have considered the problem of input parameter for large datasets and the imprecise of the function of probability function distribution (PDF) always exists 23 . In this paper we propose a new definition of the PDF of a random set for flood risk, we proposed an integration operator; the results of which will be used as the PDF of random set theory in the urban flood risk analysis, which can reduce the imprecise of PDF. The paper is organized as follows. In section 2, we give an overview of the basic notions about random sets. Section 3 proposes an integration operator and an information fusion model based on random set theory. In Section 4 we introduce the study area and describe experiment and discussion.
Finally, we give a conclusion in section 5.
Random Set Theory
Random set theory is an extension of traditional probability theory, which is a mapping from the basic event to a subset of elements in the measurable space. Random set theory attracted wide attention in recent years.
Random sets are sets defined on probability space where values are represented as sets rather than points 24, 25, 26 . A random set is a multi-valued mapping which is caused by the existence of imprecise information and it can be considered as the imprecise observation of a random variable. It is a generalization of a random variable 27 . The comparison of a random set and a random variable is illustrated in Figure 1 28 . Where  is the sample space, U is the universe of discourse denoted as 2 U .
Let U be a universal non-empty set containing all the possible values of a variable u. According to 29, 30 , a random set on U is defined as a pair (R, m). The main difference between a PDF and a basic probability assignment is that the first one is defined on U 32 , whereas the second is defined on the power set of U. As a consequence, we obtain the following properties of <1. Because of the imprecise nature of this formulation it is not possible to calculate the precise probability (Pro) of a generic u U or of a generic subset E  U, but only lower and upper bounds on this probability: Bel (E) Figure 2 shows possible 'precise'
probabilities (Pro) bounded by Pl (E) and Bel (E). In the limiting case, when R is only composed of single values (singletons), then Bel (E) =Pro (E) = Pl (E)
and m is a PDF. Following Dempster 34 and Shafer 35 , the lower bound Bel (E) and the upper bound Pl (E) of its probability measurement is defined. For every subset E  U:
Where, the belief function Bel (E) is a set-valued function obtained through summation of PDF of subsets 
Obviously,Bel (E)  Pl (E). The range of probability of set E denoted as Pro (E) lies between Bel (E) and Pl (E).

Bel (E)  Pro (E)  Pl (E)
(3) For simplicity, random sets used in this research refer to finite random sets as there is another type of random set, i.e. random closed set 26 .
Multi-source Information Fusion Based on Random Set Theory
Multi-source Information
The data related to urban flood risk are diverse which involve hazard-formative environments, hazardformative factors and hazard-affected bodies, etc. Since some factors bear the characteristics of complexity and uncertainty, the influencing factors are incomplete and heterogeneous. In this paper, three kinds of data suitable for the study area are considered: rainstorm data, land use and Digital Elevation Model (DEM) data.  Rainstorm data is the prerequisite for urban flood risk, which can be obtained from the meteorological observatory and Water Authority sectors.  Land use data can be obtained by sensor image processing, which is corresponding to the impermeable layer, vegetation land and water area.  DEM data has different precision with different resolutions of sampling. However, the elevation
.
X(e)
. e statistics can be got to present the surroundings of one area.
Multi-source Information integration operator and input of random set theory
In this paper, the influencing elements of urban flood risk we considered are rainstorm, land use and DEM data, which are decisive factors in urban flood risk. Each element has a corresponding probability of flood risk according to the histogram statistics. In this paper, we proposed a multi-source information integration operator which is a function of these three factors based on accumulating water volume standard in China city 27 .
Where, Q is surface gathered water volume, () PQ is the corresponding flood risk probability, q is rainstorm intensity, corresponding to rainstorm data and flood risk probability 1 P ;
 is runoff coefficient, corresponding to the factual terrain and flood risk probability 2 P ; F is specific catchments area(SCA), corresponding to the land use and flood risk probability 3 P , which can be got from the remote sense image. The probability of urban flood risk is got from the product of probabilities of these three factors. Then the minima and maxima probability of flood risk resulted from water volume can be determined and is presented as the interval [minima, maxima].  Minima A place with the highest terrain, highest vegetation cover rations and minima rainstorm precipitation, we define the product of these three probabilities is the minima probability;  Maxima A place with the lowest terrain, lowest vegetation cover ration and maxima rainstorm precipitation, we define the product of these three probabilities is the maxima probability.
Many studies have proposed to use random sets for modeling the uncertainty of study objects with uncertainty boundaries, but none have considered the problem of input parameter for large datasets. In this paper, the results of multi-source information integration operator will be used as the PDF of random set theory in the urban flood risk
The study area of flood risk is composed of several districts which have different multi-source information, i.e. terrain, land use and precipitation, so the risk probability of different sample sites is different for urban flood risk. In this paper, the risk PDF of focal sets based on random set are between the interval [minima, maxima] shown as above, which improves the accuracy of risk analysis decision.
Multi-source Information Fusion Based on
Random Set Theory Figure 3 .Flow chart in flood risk assessment based on multisource information fusion and random set theory.
In this paper, we make multi-source information fusion to assess flood risk based on random set theory. Firstly, three kinds of multi-source information are collected and analyzed according to the relation with urban flood risk. Secondly, the heterogeneous information is integrated by integration operator introduced in the paper. The integration results are represented as minima and maxima probability of urban flood risk according to accumulating water volume. Thirdly, different probability of each focal set based on multi-source information has been given according to different sampled sites, which are between [minima, maxima]. Then we can get the input of PDF in random set of flood risk level and make the urban flood risk assessment. Finally, urban flood risk level and uncertainty probability of urban flood risk in the case study area are obtained. The flow chart is illustrated in Figure 3 .
Experiment and Discussion
Study Area
Wuhan, the provincial capital city of Hubei and the largest central city of Central China region, lies at a latitude of between 29°58' and 31°22' north, longitude 113°41' and 115°05' east, which is in the middle reaches of the Yangtze River, shown as in Figure 4 . In general, the rainy season is from May to October; June is the highest concentrate rainy season. However, it is a region with high urban flood risk. According to the rainstorm frequent statistics from 1880 to 2007 in Wuhan Water Authority, the record of heavy rain (25mm-49.9mm) is only one piece, however, the record of rainstorm (50mm-99.9mm) is 50 pieces, and heavy rainstorm (99.9mm-249.9mm) 53 pieces, extreme heavy rainstorm (>250mm) 5 pieces, which shows that urban flood risk in Wuhan city is high according to the record of rainstorm and heavy rainstorm occurrence. Human activity has changed the characteristics of urban hydrology with the economic development at a high speed. The reduction of lake number and lake area weakened the capability of regulation and catching the rain water. Increase of concrete area also reduced the penetration of the rain water into soil. Furthermore, the old drainage system standard cannot meet the extreme increasing requirement resulted from rapid urbanization such as culvert building according to the old rainstorm flood standard, which will take a long time to improve the drainage condition. In addition, the average elevation of the city is 20-24 meter, lower than the average flood alarm water level 23.87m.
Urban flood risk is a limiting factor for the construction and development of Wuhan city. According to historical records, since 1865, the city has been flooded two times, the most serious is in 1931, most areas of city was flooded except only high land, the water depth is more than 6m 37 . Urban flood may provoke serious effect to normal life and activities, e.g. traffic jams, and houses inundating, etc. The rainstorm from 17th to 19th July, in 2004, from 27th to 28th May, in 2008, and 18th June in 2011 all cause serious urban flood. Therefore, urban flood risk assessment plays an important role in urban planning and sustainable development 38, 39 . 
Multi-source Information Analysis
DEM terrain data
The Digital Elevation Model (DEM) data in this study is generated from Google Earth geographic coordinate system. The resolution of DEM is 30km. The highest elevation in the study area is 227.7m and the lowest is 13.0m, the average elevation is 26.9m. In order to describe the factual terrain in flood, we ignore the values more than or equal to 90m, which is mountain or high land in the city. ESRI ARCGIS® was used for spatial analysis as shown in Figure 5 . We divided the elevation into three levels according to the highest elevation, average value and the lowest elevation as shown in Table 1 .Where, average is the average value of elevation, corresponding percent is equal to the value of divided total elevation point amount by corresponding elevation point amount.
Average-2 is the elevation 2m lower than average; others are similar to average-2. The classification is more factual based on the fact that the design flood level is 34.75m, the height of levee is 28m, and the average water level is 23.87m. 
Precipitation data
Wuhan city has frequent rainstorm which is the major factor of urban flood risk. According to the 109 pieces of records between 1880 and 2007 from the statistics of Wuhan Water Authority, only one piece of record is heavy rain, 50 pieces rainstorm, and 53 pieces heavy rainstorm, 5 pieces extremely heavy rainstorm, the rate of rainstorm and heavy rainstorm is 46% and 49% respectively. Wuhan city has been often flooded since 1949, the most serious are 1954, 1980, 1983, 1991 and 1998 . During the flood in 1983 the highest water level is 28.11m, 4m higher than the average elevation, affected area by flood is 62 km 2 , including 80,000 acres of farm fields and 2620 collapsed buildings, economical loss more than 0.25 billion RMB 40 . Precipitation data between 25mm-249.9mm from January, 2008 to November, 2011 provided by Wuhan Water Authority auto-detect sensor net was used to derive information on the precipitation distribution, which refresh its precipitation data every 50 seconds. According to the statistics, heavy rain (25mm -49.9mm) has 471 records, rainstorm (50mm -99.9mm) 154 records, heavy rainstorm (100mm -249.9mm) 22 records; detailed statistics is shown in Table 2 .
The main characteristic of precipitation is long lasting and short interval of time, which makes the soil with high humid condition in Wuhan. Furthermore, rapid urbanization makes the ability of soil permeability lower, which causes urban flood easily and becomes a hamper and danger to the development of Wuhan city. Finally, the drainage is difficult in the area lower than average elevation. In addition, Wuhan city has more than ten millions of residents. Rapidly response to deal with rainstorm and activating emergency plan is important for people's life and the development of Wuhan. Land use and land cover patterns for 2008 were mapped by the use of Landsat TM data. Three categories of land covers were presented in the study area based on their image characteristics and the soil permeability. These covers include impermeable layer, vegetation, and water body. The results are shown in Figure 6 , and Table 3 .
Case Calculation
Random set measure of urban flood risk
In order to assess the urban flood extent and degree, we divided the flood risk into four levels according to the Wuhan flood data and documents over the years 41 and classification standard of Wuhan central meteorological observatory 42 . Meanwhile, we divided the water depth of inundated areas into four classes corresponding to flood risk level as shown in Table 4 .
In the following, we will make urban flood risk assessment which uses Wuhan city as example. The probabilities of different sample sites for flood risk sets are determined according to the interval [minima, maxima]. A (3)
Let us now assess the belief and plausibility function of each value of singletons from level 1 to level 4, since the maxima in urban flood risk is 4, for any level  4, the belief and plausibility functions vanish. The results of calculation of Bel(P) and Pl(P) are summarized in Table 6 . We observe that the belief of the single values of P is positive only for P = 2, 3 and P = 4, because {2}, {3} and {4} are focal elements of the random set. 
. Urban flood risk assessment
Let us now apply the above information for urban flood risk assessment, when the probability of flood water depth is more than 50%, we consider that the flood level risk exceeds the ability of present drainage and flood defend, the corresponding risk level is urban flood risk level.
In this case, we are interested in checking if the inundation proportion requirement is met. This requirement must satisfy the following inequality:
is a set, 0 P takes on flood risk level, r is set at 0.5. The belief and plausibility functions of E are given when 0 P varies shown in Table 7 . (8) We conclude that the actual urban flood risk level in Wuhan city is level 3, which exceeds the ability of present drainage and flood defense measures and the probability of flood risk 3 is bounded by these two quantities:
Bel ({P We also carried out an experiment to compare with our method. According to Zhang et al 43 , if we consider only one fact of land use resulted from rapid urbanization, the assessment of flood risk is 4 level, which is not factual compared with the recent urban flood happened in June 18 in 2011. These results prove that our method is more available than single factor flood risk assessment method. 
Discussion
According to the results of Wuhan city urban flood risk assessment and the characteristic of flood risk, we give some management and mitigation measures of the urban flood risk to the local government or emergency planning sectors.  The management of city should keep pace with the development of city. Exploit first protection later will cause the potential damage in the future.  Although it is not practical to concede land to lake, we can protect the present lakes. Local government can try to prevent real estate developer to fill the only present lakes, meanwhile, strengthen the management of lakes to make the lake hold the rain better.  Emergency measures should be activated before the flood risk level to ensure the most quickly response and the minimized loss, which will contribute to the better management of Wuhan city. Although the area considered in this paper is only one city in China, there are many other areas bearing the flood risk, we will consider the flood prone area and get the flood risk map in China by fusing more multi-source information, which provide potential scientific support for flood risk early warning and management sector and help the local government take actions to reduce vulnerability to urban flood risk and minimize urban flood damage. This will be investigated in future work.
Conclusion
Flood is a major challenge in both advanced and developing countries, which is a complex process because it is a synthetically function of hazardformative environments, hazard-formative factors and hazard-affected bodies. It is difficult to wholly and correctly assess urban flood risk by considering only one factor. Moreover, uncertainty of the flood risk makes it difficult to generate precise estimates of the probability of occurrence. It has been recognized that traditional probability theory may not capture the full scope of uncertainty. However, Random set theory offers an alternative to traditional probability theory to overcome these shortcomings. The significant innovation of the proposed framework is that it allows for the allocation of a probability distribution function to sets based on multi-source sensor information to dealing with the uncertainty.
The results of urban flood risk assessment based on proposed methodology have been compared with the factual flood risk, which show the availability and efficiency of random set theory. The approach proposed in this paper offers an alternative way of analysis when multi-source information must be considered and uncertainty information is unavailable for treating the problem by classical probabilistic methods. The results can provide decision support to draw up flood mitigation measures as a part of the decision support system for flood control authority. Although the example presented is Wuhan city, the implication and recommendation presented have global applications.
